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Abstract
We present an explicit supersymmetric deformation of supergravity backgrounds
describing D3-branes on Calabi-Yau cones. From the geometrical point of view, it
corresponds to blowing up a 4-cycle in the Calabi-Yau and can be done universally. In
the field theory, we identify this deformation with motion on non-mesonic directions in
the full moduli space of vacua. For the case of a Z2 orbifold of the conifold, we discuss
an explicit gravity solution with two deformation parameters: one corresponding to
blowing up a 2-cycle and one corresponding to blowing up a 4-cycle. The generic
case where the Calabi-Yau is toric is also discussed in detail. Quite generally, the
order parameter of these 4-cycle deformations is a dimension six operator. We also
consider probe strings which show linear confinement and probe D7 branes which help
in understanding the behavior far in the infrared.
1 Introduction
The AdS/CFT correspondence has provided an alternative approach to the study of gauge
theories at large ’t Hooft coupling [1]. One of the most powerful properties is that the corre-
spondence provides a prescription for its deformation via the state/operator correspondence
[2]. One interesting line of development has focused on examples with minimal supersym-
metry in four dimensions. This corresponds to backgrounds of the form AdS5 ×X5, where
X5 is Sasaki-Einstein. The prototypical example of X5 is T 1,1 [3]. Recently, an infinite class
of explicit Sasaki-Einstein metrics called Y p,q [4] has been found. The dual superconformal
quiver gauge theories have been identified in [5]. This class has then be generalized to the
Lp,q,r [6, 7, 8, 9, 10].
In this paper, we discuss a deformation of the AdS/CFT correspondence involving motion
in the Ka¨hler moduli space of the Calabi-Yau cone over the Sasaki-Einstein base. Such effects
for blown up 2-cycles have been studied for the resolved conifold by Klebanov and Witten
[11]. The Ka¨hler modulus corresponds to giving vacuum expectation values (vev) to the
fundamental fields in such a way that no mesonic operator gets a vev, but a real dimension 2
scalar operator acquires a vev. We can call this “motion in the moduli space of vacua along
non-mesonic (or baryonic) directions”.
We will be interested in blowing up 4-cycles. Global aspects of the geometry restricts
the list of spaces but one still finds a large class including: S5/Z3, T
1,1/Z2, and appropri-
ate orbifolds of some Y p,q and Lp,q,r. The key observation is that locally there is a simple
Calabi-Yau deformation for every Calabi-Yau cone, corresponding to blowing up a 4-cycle.
Global issues restrict the examples somewhat, but there we still have an infinite number of
explicit examples. Interestingly, this statement has a very rich history. Calabi considered
properties of holomorphic fibers over Ka¨hler-Einstein spaces in [12], and also established var-
ious properties of such holomorphic fiber bundles including Ka¨hlerness and reduced SU(N)
holonomy. In a more explicit setting Page and Pope [13] considered a very similar problem
of constructing Einstein metrics in dimension n+2 starting with a Ka¨hler-Einstein metric in
dimension n. This deformation has appeared in the context of the AdS/CFT in some con-
crete examples though never recognized as universal. In [14], it was discussed as a concrete
generalization for the conifold and also its small resolution and complex deformation. More
recently, it has been discussed in the context of Y p,q [15] and Lp,q,r [16]. In this paper, we
emphasize its universal character and discuss various aspects of the gauge theory duals.
The organization of the paper is as follows.
In section 2 we discuss the local geometry showing that the blown-up four cycle is cali-
brated with the Ka¨hler form of the Calabi-Yau and it is, therefore, a divisor. In this section
we also consider placing D3 branes on the blown up 4 cycle. We write down the Calabi-Yau
metric and the explicit near horizon supergravity solution. Using a large radius expansion
we argue that in the dual field theory the blow up corresponds to giving a vev to a dimension
six operator.
We then discuss (section 3) in detail a specific example, the so called vanishing P1 × P1
geometry. The Calabi-Yau is a line bundle over the complex surface P1 × P1. Interestingly,
[14] found the metric for arbitrary size of the two P1s. When one P1 has zero size, this is
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a Z2 orbifold of the well-understood example of the small resolution of the conifold. In the
corresponding field theory we relate the two deformations to motion in the moduli space
of vacua. More precisely, we find two non-mesonic directions in the moduli space of vacua
corresponding to the two Ka¨hler parameters in the geometry. We also analyze a double
scaling limit of the metric of [14] which leads to the Eguchi-Hanson metric. We finish
section 3 with a presentation of the toric description of the blow up in terms of Gauged
Linear Sigma Models. Although the treatment is specific to a particular geometry, the
techniques are universal and can be extended to more complicated examples.
Section 4 contains a careful discussion of various global issues. In particular, we discuss
the case of toric Calabi-Yau’s. A nice discussion of toric geometry can be found for our case
in [19], where there is also a detailed analysis of the Y p,q case. We also consider topological
obstructions to blowing up a 4-cycle. Using the (p, q)-web language, which is dual to the
toric language [17, 18], we classify the Ka¨hler deformations in “local” and “global.” This
terminology originated in [17] are refers to the energy required to perform the deformation,
it suggests that the order parameter has always dimension 2 for the global deformations and
dimension 6 for the local deformations.
A very natural way to perturb conformal quiver gauge theories involve changing the ranks
of some of the gauge groups. This line started in [20] and lead to the Klebanov-Strassler
solution [21]. The supergravity dual of this generalization has been constructed for spaces
like Y p,q [22, 23] and Lp,q,r [7, 24]. In section 5, we show that blowing up a 4-cycle is
compatible with introducing fractional branes1, and explicitly see that the fractional brane
is now a wrapped D5 brane.
In a series of appendices we cover a number of technical issues and explore the behavior
of some probes in the geometry. In appendix A we work out all the metric information
including an explicit proof of Ricci flatness. A natural question is about supersymmetry.
This question can be answered in very general grounds elaborating on arguments by Calabi
[12] and Page and Pope [13]. We present an explicit calculation whose details are offered in
appendix B. Appendix C presents all the details of a compactification given in the main text
that helps in the identification of the mass of the supergravity mode involved in blowing up
the four cycle. Some global issues of our deformation applied to quasi-regular Sasaki-Einstein
spaces are treated in appendix D. We show that any quasiregular Y p,q admits the Ka¨hler
deformation after a suitable orbifold. In appendix E we use a classical probe string to see
that the supergravity background allows for a dual Wilson loop with area law behavior, thus
showing that the deformation induces confinement. As a way to probe the singularity we
consider a probe D7 brane in appendix F.
1Various examples appeared in the literature treated as a case by case situation [14, 15, 16].
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2 Calabi-Yau metrics and D3 branes on blown up 4-
cycles
Consider a metric of the form
ds2 = A2(r)dr2 +B2(r)r2(dψ + σ)2 + C2(r)r2ds24, (2.1)
where the four-dimensional space M4 is Ka¨hler-Einstein and σ is such that dσ = 2J , where
J is the Ka¨hler form on M4. For a simple case A = B = C = 1, the metric is Ricci flat.
This is also true for the case when we deform the metric by a b parameter2 as
A−2 = B2 = 1− b
6
r6
, C = 1. (2.2)
The range of the radial coordinate is now b ≤ r ≤ ∞. The quantity b parameterizes motion
in Ka¨hler moduli space of the Calabi-Yau. There are many concrete examples in this class
of metrics: S5, T 1,1, Y p,q, Lp,q,r.
The four-cycle being blown up at r = b is ds24. It is calibrated with respect to Ka¨hler
calibration 1
2
J ∧ J at r = b. The Ka¨hler form on the 6 dimensional manifold is
J6 = r
2J + rdr ∧ (dψ + σ). (2.3)
Its pullback on the 4-cycle is J ′ = r2i J = r
2
i (e1 ∧ e2 + e3 ∧ e4) at a given r = ri in terms of
veilbeins in orthonormal basis. This leads to 1
2
J ′ ∧ J ′ = r4i (e1 ∧ e2 ∧ e3 ∧ e4), which is same
as the volume form of the four-cycle calculated using the pullback metric at ri = b.
Let us look more carefully at the geometry near r = b. In order to do so, we introduce a
new radial coordinate given by
u2 =
1
9
r2
(
1− b
6
r6
)
. (2.4)
The metric then becomes
ds2 =
9 du2
(1 + 2 b
6
r6
)2
+ u2(dψ + σ)2 + r2(u)ds24. (2.5)
For u→ 0 (r → b), we have approximately
ds2 ≈ du2 + 9u2(dψ + σ)2 + b2ds24. (2.6)
In order to have a complete metric, the periodicity of 3ψ has to be 2π. If this is the case,
then (2.1) is an explicit Calabi-Yau metric on resolved complex cones. We will discuss other
global aspects of these metrics in section 4.
2Page and Pope [13] studied the question of when such metrics as (2.1) were Einstein.
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2.1 D3 branes
To study the role of the above spaces in the context of the AdS/CFT correspondence, we
need to consider adding N D3 branes filling the four dimensional space-time then taking
the decoupling limit. Recall that given a six-dimensional Ricci-flat space we can always
construct a D3 brane solution of the form
ds2 = h−1/2ηµνdx
µdxν + h1/2gmndy
mdyn,
F5 = (1 + ⋆)dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dh−1,
Φ = Φ0. (2.7)
The Einstein’s equations reduce to:
6Rmn = 0,
6 △ h = 0. (2.8)
Consider first the conical solution, with A = B = C = 1. Putting the D3 branes at the
apex of the cone and taking the near horizon limit, we obtain spaces of the form AdS5×X5,
where X5 is Sasaki-Einstein, for instance one of the 5-d spaces enumerated above. The field
theory is explicitly known for this class of backgrounds and it can be conveniently packed
in a quiver diagram plus a superpotential. In this paper we would like to consider the effect
on the field theory of turning on some small b-deformation. In the case the D3 branes are
smeared homogeneously on the blown up 4-cycle (all the D3 branes are at r = b), the warp
factor for the above class of solutions can be written explicitly as [14]:
h = −2L
4
b4
[
1
6
ln
(
(r˜2 − 1)3
r˜6 − 1
)
+
1√
3
(
π
2
− arctan
(
2r˜2 + 1√
3
))]
. (2.9)
where r˜ = r/b. For large r the warp factor becomes the traditional L4/r4; the dependence on
b arises at the level of 1/r6 corrections. In the limit of r → b the warp factors is approximately
−(2L2/3b4) ln(r/b− 1).
2.2 Large radius expansion
The process of blowing up a 4-cycle implies that in the superconformal quiver gauge theory
scalar gauge invariant operators are taking vevs.3 A general property of this process is that
the R-charge of the gauge invariant operators taking vev is vanishing. The reason is that
the backgrounds preserve an U(1) symmetry associated to the R-charge. This implies that
no chiral mesonic operator is taking a vev. This fact is expected, since chiral mesonic field
(motion in the mesonic branch) parameterize the motion of D3 branes on the Calabi-Yau
space, and in our backgrounds the D3 branes are always at the minimum possible value of
r, i.e. r = b.
3There is also the logical possibility that this corresponds to changing the parameters in the Lagrangian.
Relevant or exactly marginal deformations in quiver theories are however highly constrained (see for in-
stance [33]). Moreover they typically correspond to turning on 3-form field strength in the gravity. Ka¨hler
deformations in the Calabi-Yau always correspond to scalar operators taking vevs.
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Among the infinite tower of operators turned on, the ones with smallest conformal dimen-
sion are typically called order parameters. For instance in the case of the small resolution of
the conifold (corresponding to blowing up a two cycle) the order parameter is a supersym-
metric partner of the baryonic current and has dimension two, as explained in [11].4 We now
show in detail, through a large r expansion of the exact solution, that for the b-deformation,
the order parameters have dimension six.
An important entry in the AdS/CFT dictionary explains the relationship between an
operator O of conformal dimension ∆ in the CFT and solutions to the linearized gravity
equations. The solution, whose behavior at large values of r is
δφ = ar∆−4 + cr−∆, (2.10)
corresponds, on the CFT side, to H = HCFT + aO, while c =< O >.
Let us consider the linearized form of the metric (2.7). One can write it as
ds2 =
r2
L2
dxµdx
µ +
L2
r2
dr2 + L2ds2(X5)
− b
6
5L2r4
dxµdxµ +
L2b6
5r8
dr2 +
L2b6
5r6
ds24 −
L2b6
r6
(dψ + σ)2 + . . . (2.11)
The first line is simply the metric on AdS5 × X5. The second line gives the form of the
linearized fields from where we can read the transformation properties and the dimensions of
the corresponding field theory operators. For the metric perturbations, we find it convenient
to normalize them by dividing by the background value of the metric. This implies that the
modifications of the metric are due to a dimension six operator.
Let us check this result considering the other supergravity fields. Next we analyze the
perturbation of the 4-form potential. Note that
C0123 = h
−1 ≈ r
4
L4
(
1− 2
5
b6
r6
+ . . .
)
. (2.12)
Note that for this class of solutions there is no variation of the 4-form potential along
the angular directions. Any dependence on r would violate the Bianchi identity. If fact,
F5 = −r5κdhdr vol(X5) = L4 vol(X5).
We can view the problem in a slightly more general and useful way. We can perform a
reduction of the ten-dimensional theory on the Sasaki-Einstein space and identify the masses
of the modes that are turned on in our solution (see appendix C for the full details of this
calculation). Schematically, we consider a class of solutions of the form:
ds210 = L
2[M2ds5
2 + ds25′] (2.13)
ds25 = du
2 + e2Adxµdx
µ, ds25′ = e
2B(dψ + 2σ)2 + e2C(e2a)
where M = −1
3
(B + 4C) and A,B and C are arbitrary functions of the radial coordinate
u. The index a runs from 1 to 4 and ea together form a four-dimensional Ka¨hler-Einstein
4In Section 4 we will generalize this result to a generic Ka¨hler motion corresponding to blowing up
two-cycles and four-cycles.
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metric. The type IIB solution is accompanied with a five-form self-dual flux,
F5 = F + ∗F , F = Q(dψ + 2σ) ∧ e1 ∧ e2 ∧ e3 ∧ e4, (2.14)
where Q is a constant. The ten-dimensional action we consider is simply
S = − 1
2κ2
∫ [
d10x
√
g10R− 1
2
F ∧ ∗F
]
. (2.15)
Introducing the variables q and f defined as B + 4C = 15
2
q and B − C = −5f , after some
algebra and expanding the potential for small values of the modes we obtain
S = − 2
k25
∫
d5x
√
g5
[
1
4
Rˆ− 1
2
{15(q′2 + 32q2) + 10(f ′2 + 12f 2)}
]
+ . . . (2.16)
From this effective five-dimensional action we conclude that the modes corresponding to the
class of solutions we consider have AdS masses equal to m2f,q = 12, 32. The modes we found
are well studied in the case of T 1,1, they have been presented in, for example [25, 28, 29].
We have kept basically the same notation as the original presentation of [25] corresponding
to f (equation 3.12 in [25]) and the mass is determined to be m2f = 12. Using that for
scalar excitations ∆ = 2 +
√
4 +m2, we conclude that the deformation we are considering
corresponds to a dimension six operator.
The most remarkable result of our calculation is that these modes are present for any
Sasaki-Einstein space. In particular, we see that f describes squashing of the U(1) fiber with
respect to the Ka¨hler-Einstein base. It is worth mentioning that the mode we are considering
is supersymmetric as we have shown explicitly in appendix B. We, therefore, expect the dual
operator to have protected dimension.
3 A detailed example: vanishing P1 × P1
In this section we consider a metric in which two Ka¨hler deformations are present at the
same time. Our goal is to describe the corresponding deformations in the field theory. We
also present an interesting limit yielding the Eguchi-Hanson metric.
Consider the metric found in [14]
ds2 = κ−1(r)dr2 +
1
9
κ(r)r2(dψ + cos θ1dφ1 + cos θ2dφ2)
2
+
1
6
r2(dθ21 + sin
2 θ1dφ
2
1) +
1
6
(r2 + a2)(dθ22 + sin
2 θ2dφ
2
2), (3.1)
where
κ(r) =
1 + 9a
2
r2
− b6
r6
1 + 6a
2
r2
. (3.2)
This metric is Calabi-Yau and depends on two real parameters with dimension of length:
a and b. It is smooth if the period of ψ is taken to be 2π. Algebraically the space can be
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seen as the total space of the line bundle O(−K)→ P1 × P1. The continuous isometries are
SU(2)×SU(2)×U(1). The fact that the isometry group has rank 3 means that the Calabi-
Yau in question is toric. In this case powerful techniques enable us to easily understand
algebraically the geometry. We will use the language of (p, q)-webs, developed in [17]. The
connection to toric geometry was derived in [18]. We view the metric (3.1) as an example of
a toric metric on resolved Calabi-Yau cones. In the general case the isometry is U(1)3, but
there are very few examples where the explicit metric is known.
A global deformation
A local deformation
Figure 1: (p, q) web description of the vanishing P1×P1 geometry as in [17]. The two possible
deformations are shown as “global” and “local”.
Toric Calabi-Yau’s can be seen as T 3 fibrations on a 3-real dimensional base. The (p, q)
diagram describes the degeneration locus of this fibration: along the lines a T 2 is shrinking
to zero size, and at the cubic vertices the full T 3 is vanishing.
The two parameters a and b in (3.1) correspond to the volumes of the two P1 in the
compact 4-cycle. More precisely, b is related to the product of the volumes of the two P1’s,
while a is related to the difference between their areas. In figure 1 the finite segment are
P1’s, and the rectangle describes the 4-cycle P1 × P1.
From the metric (3.1) it is easy to see that, asymptotically at large radius, the a parameter
deforms the metric at order 1/r2, while the b deformation only at order 1/r6. We can
qualitatively interpret this fact simply looking at the (p, q)-web diagram: the a deformation
is changing the position of the branes at infinity (so it is a global deformation), while the the b
deformation does not, so it is a local deformation. In general, global deformations correspond
to blowing up a 2-cycle, and local deformations correspond to blowing up 4-cycles.
In the case of vanishing b-deformation, the metric is a Z2 orbifold of the resolved conifold,
given by (3.1) with b = 0 and the period of ψ taken to be 4π. Notice also that (3.1) at
a = b = 0 is a special example of the Yp,q metrics, specifically it is Y2,0. Equation (3.1) gives
the most general Ka¨hler Ricci-flat deformation of the conical metric Y2,0. Notice that the
supergravity solution associated to Y2,0 has also additional moduli. For instance there is a
moduli space of dual superconformal field theories (corresponding to a = b = 0) of complex
dimension 5 [33], associated to changing the couplings of the theory. It is clear that these
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deformations are present also for a and b nonzero. It would be nice to investigate these more
general theories.
3.1 Limit to Eguchi-Hanson
We now want to show that a double-scaling limit of (3.1) leads to the well-known Eguchi-
Hanson metric. This is expected by looking at the toric description: sending the area of the
rectangle in figure 1 to infinity while keeping fixed the size of one of the edges, one gets a
(p, q)-web with two parallel semi-infinite legs, which is the space C× C2/Z2.
More precisely, sending the parameters a and b to infinity, we will recover the space
C×ALE, where ALE in this case is the total space of the line bundle O(−2)→ P1 (it can
also be seen as the Ka¨hler Ricci-flat resolution of C2/Z2). We take the limit (a, b)→∞ with
c4 =
4b6
81a2
(3.3)
fixed. In other words we focus on region of the geometry where r ≪ a, b but r is of the same
order as c. In this limit κ(r) becomes
κ(r) =
r2
a2
+ 9− 81c4
4r4
r2
a2
+ 6
→ 3
2
(1− 9c
4
4r4
). (3.4)
Let us now consider the term in 3.1 proportional to (r2 + a2). In order to find a finite limit
we rescale the coordinates θ2 and φ2 by a factor of a: θ˜ =
θ2
a
, φ˜ = φ2
a
,
(r2 + a2)(dθ22 + sin
2 θ2dφ
2
2)→ dθ˜2 + θ˜2dφ˜2 = dx22. (3.5)
We thus get the flat metric on C, as expected from the fact that we are simply zooming in
on a point of a smooth 2-sphere. The piece in (3.1) proportional to κ(r), keeping track of
the rescaling of φ2 becomes
dψ + cos θ1dφ1 + cos θ2dφ2 → dψ + cos θ1dφ1. (3.6)
At the end we see that the metric decomposes in one on C (3.5) and a remaining non-compact
4-manifold: rescaling R = r
√
2/3
ds2 =
dR2
1− c4
R4
+
1
4
(1− c
4
R4
)R2(dψ + cos θ1dφ1)
2 +
1
4
R2(dθ21 + sin
2 θ1dφ
2
1) + dx
2
2. (3.7)
This is precisely the well-known Eguchi-Hanson metric. From a three dimensional point of
view the limit space has isometries SU(2)× U(1)× (R2 × SO(2)).
3.2 The field theory dual
In this section we discuss the gauge theory living on N D3 branes probing the local P1×P1.
The quiver diagram is well known: it has 4 nodes and is reproduced in figure 1. The
8
Figure 2: Quiver diagram for D3 branes probing the local P1 × P1 singularity.
superpotential is readily obtained by imposing SU(2) × SU(2) invariance or by orbifolding
the conifold field theory:
W = λtr (AαBα˙CβDβ˙) εαβεα˙ β˙ . (3.8)
We are interested in the moduli space of vacua of this field theory, which we obtain by
analyzing F and D term relations on the fundamental fields of the theory. The full moduli
space of the theory has complex dimension 3N . 3(N−1) flat directions correspond to motion
of the N D3 branes in the Calabi-Yau. These are what we call “mesonic flat directions.” The
remaining 3 flat directions will be seen to be associated to the deformations of the geometry
or to turning on B-fields. These can be called “non-mesonic” vevs. We will make use of the
terminology of Fayet-Ilioupoulos parameters in order to describe the non-mesonic directions,
even if this is not completely correct.
For our purposes it is enough to consider the case that the N×N matrices Aα, Bα˙, Cβ, Dβ˙
commute. For the moment we also assume that all these 8 complex matrices are proportional
to the identity, corresponding to keeping the N D3 branes coincident.5 It is easy to see that
the F terms are solved if and only if
Aα ∝ Cα, (3.9)
Bα˙ ∝ Dα˙ , (3.10)
which is equivalent to
Aα = Ae
iθA nα Cα = C e
iθC nα (3.11)
Bα˙ = B e
iθB mα˙ Dα˙ = D e
iθD mα˙ , (3.12)
where A,B,C,D are 4 positive real numbers, the θ’s are phases, nα is parameterizing a
P1 of unit radius and mα˙ is parameterizing another P
1 of unit radius. We already see the
emergence of the geometry (P1 × P1). We now quotient by the gauge groups. These act by
5This is equivalent to considering the Calabi-Yau only one time instead of the N -fold symmetrized product
of it. It will be simple to relax this assumption in the following, when we will consider distributions of D3
branes smeared on the blown up cycles.
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shifting the phases θ. Using this freedom all the phases can be taken to be equal to ψ. D
term relations read
A2 −B2 = t1,
B2 − C2 = t2, (3.13)
C2 −D2 = t3,
D2 − A2 = t4,
where ti are the 4 Fayet-Iliopoulos terms,
6 that satisfy t1+ t2+ t3+ t4 = 0, since in the sum
of the 4 previous relations the l.h.s. vanishes identically. This can also be seen by noticing
that the diagonal U(1) inside U(N)4 is decoupled, since all fields are uncharged under it.
Notice that the solutions of eqs (3.13) are parameterized by a positive real line, and that
the “smallest” possible vev is obtained when at least one of A,B,C,D vanishes. Giving vev
where one of these vanishes correspond to keeping the D3 branes at the smallest possible
radius (r = b), and mesonic chiral operators are not taking vevs. If all the A,B,C,D are
non-vanishing, then also mesonic operators are taking vevs; this corresponds to moving the
branes outside the resolved cycle.
We thus see that the mesonic moduli space of vacua is parameterized by 6 real coordinates:
nα, mα˙, ψ and one “radial” direction coming from A,B,C,D. It is simple to match these
coordinates with the coordinates (θ1, φ1), (θ2, φ2), ψ, r.
We are now interested in an explicit map between the FI parameters ti in the gauge theory
and the deformation parameters a and b in the geometry. Clearly the “conical” geometry
a = b = 0 corresponds to vanishing FI parameters, i.e. to conformal invariance.
3.3 The global deformation
Turning on only the global “a deformation,” the space is the Z2 orbifold of the resolved
conifold, so also in the field theory, we just have to “orbifold” the analysis of [11]. The final
result is
t1 = −t2 = t3 = −t4 ∝ a2 > 0 (3.14)
Let us check this claim directly. Eqs. (3.13) in this case admit a “minimal” solution with
A = C = af , B = D = 0 (3.15)
We thus see that the FI (3.14) are giving finite volume to the P1 parameterized by the nα,
in accordance with the metric (3.1). At energies below the scale t, some fields are eaten by
the Higgs mechanism and the field theory reduces in the infrared to a different field theory.
The U(N) gauge symmetries associated to node 1 and 4 are broken into a diagonal U(N),
6Strictly speaking, after taking the near horizon limit, the gauge group is SU(N)4, not U(N)4, so no
FI parameters can be turned on. It is possible to repeat our discussion just in terms of the vev of the
fields. There are 3(N − 1) complex directions corresponding to giving vev to mesonic operators. There are
moreover 3 flat directions corresponding, formally, to the 3 FI terms we are discussing. The 3 relative phases
θs combine with these to give complex flat directions.
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because of the vev taken by A. Similar is the case for nodes 2 and 3. The infrared gauge
symmetry is thus U(N) × U(N).
Let us assume that A1 = C1 are the fields taking the vev af , that combine with the
broken U(N)× U(N) gauge fields into massive gauge bosons. This assumption corresponds
to putting the D3 branes at the “north-pole” of the blown-up P1 (of course any other point
would lead to the same discussion, by SU(2) symmetry). From the geometry, it is clear that
the a→∞ limit, focusing on this point, is given by C× C2/Z2.
The IR quiver has only 6 chiral fields. A2 and C2 transform as adjoint fields and the
other 4 fields as bifundamentals. Because of the εαβ in the superpotential (3.8), we see that
no massive terms in the superpotential are generated. All the superpotential terms are cubic
and proportional to λαf :
WIR = af λ tr
(
A2Bα˙Dβ˙ − Bα˙C2Dβ˙
)
εα˙β˙ (3.16)
This is precisely the matter content and superpotential corresponding the N = 2 field theory
living at C× C2/Z2.
Let us end this paragraph studying the baryonic current as for the almost identical case
of the conifold [11]:
KB = AαA¯α − Bα˙B¯α˙ + CαC¯α −Dα˙D¯α˙. (3.17)
We see that
< KB >∝ a2. (3.18)
This is precisely the dimension 2 operator corresponding to the harmonic turned on at first
order in the geometry, which at large r undergoes corrections of order 1/r2. This order
parameter has protected dimension since it is a conserved multiplet. The harmonic has its
origin in the so called Betti multiplets, and was identified (for the very similar case of the
conifold) in [31].
3.3.1 Global deformations from the metric: resolved conifold
The analysis presented in the previous subsections is nothing but an extension of the de-
scription of the small resolution of the conifold. Let us briefly recall what the precise picture
is as presented by Klebanov and Witten in [11]. They argued that the natural gauge theory
order parameter would be the lowest component of the baryonic supercurrent:
U = Tr(AiA¯i − B¯jBj). (3.19)
U has dimension two. A detailed analysis of this operator including its origin in the Betti
multiplet is given in [31]. Given the explicit solution of D3 branes on the resolved conifold,
we can quantitatively verify this claim. Namely, the supergravity solution in question is of
the form (2.7) with [32]:
ds26 = κ(r)
−1dr2 + κ r2e2ψ + r
2(e2θ1 + e
2
φ1
) + (r2 + 6a2)(e2θ1 + e
2
φ1
),
h =
2L4
9a2r2
− 2L
4
81a4
ln
(
1 +
9a2
r2
)
, κ =
r2 + 9a2
r2 + 6a2
. (3.20)
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The linearization of the solution can be written as:
ds2 =
r2
L2
dxµdx
µ +
L2
r2
dr2 + L2ds2(T 1,1)
+
3a2
L2
dxµdxµ − 6L
2a2
r4
dr2 − 3L
2a2
r2
ds2(X4)
+
36L2a4
r4
(dψ + σ)2 + . . . (3.21)
In the first line, we have simply AdS5×T 1,1. From the second line we read that the solution
corresponds to give a vacuum expectation value to a dimension two operator. One naturally
has
< U >≈ a2. (3.22)
The description above can be understood from the quiver gauge theory point of view. A
convenient way to describe the small resolution of the conifold is in terms of four complex
numbers satisfying the real constraint [11]
|a1|2 + |a2|2 − |b1|2 − |b2|2 = t, (3.23)
where t is the area of the P 1, and then one takes the quotient by a U(1) action. This is
usually said as a gauged linear sigma model with 4 fields, a U(1) gauge group, where the
charges of the fields are (1, 1,−1,−1). The above relation makes it clear that from the
four dimensional quiver gauge theory point of view one is introducing a Fayet-Iliopoulos
parameter.
3.4 General geometric deformation
We are left with other two FI parameters, and one other geometric deformation, that we
called b. In the field theory there are two parameters, instead of one, because the field theory
sees the full stringy moduli space, and the latter also includes a B-field that can be turned
on.
Instead of talking in terms of FI parameters,7 we exhibit a possible solution on the
moduli space of vacua of the gauge theory which corresponds to turning on both the a and
b deformation. Consider giving vevs of the form
< Aα > = δ1α (af + bf ) (3.24)
< Bα˙ > = δ1α˙
√
2bf (3.25)
< Cα > = δ1α (af − bf ) (3.26)
< Dα˙ > = 0 (3.27)
Notice that the vev of the baryonic current is proportional to a2f and does not depend on bf .
At energies greater than both af and bf we have the UV conformal field theory with gauge
7The global deformations are in correspondence with baryonic symmetries in the gauge theories. Gaug-
ing these symmetries one can talk about FI parameters. The other FI parameters instead correspond to
anomalous U(1) transformations in the gauge theory, so they cannot be gauged.
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Figure 3: Toric description of the four-cycle in the orbifolded conifold.
symmetry U(N)4. At energies E such that bf < E < af , we have the N = 2 field theory
discussed above. Now, however, one bifundamental field, B1˙ is taking a vev
√
2bf .
At energies E < bf the field theory is Higgsed to a U(N) field theory with 5 adjoints:
A2, C2, B2˙, D1˙, D2˙. The superpotential
W = λ tr ((af − bf )bfA2D2 − (af − bf)A2B2D1 + (af + bf )B2C2D1 − (af + bf )bfC2D2)
(3.28)
contains mass terms for the fields D2 and (af − bf )A2 − (af + bf )C2; integrating these out,
one finds the N = 4 SYM.
The conclusion is that the vevs (3.24) are in correspondence with the two geometric
deformations discussed in the previous paragraph.
Comments on smearing of the D3 branes
For the gauge theory discussed above (all the D3 branes coincident and localized), the
SUGRA metric including the gravitational backreaction of the D3 branes would break the
SU(2)× SU(2) symmetry of rotations of the nα P1, and for instance the warp factor would
not be of the form (2.9). Putting instead a uniform distribution of D3 branes on the blown
up P1 × P1, one can find a nice explicit supergravity solution, which is expected to be dual
to the non-conformal gauge theory living on this distribution of D3 branes. In this case the
solution is written in term of the Calabi-Yau metric as in (2.7) and the warp factor is like
(2.9), depending only on r.
One general lesson from this discussion is that at order 1/r2 the corrections to the confor-
mal solutions correspond to blown up 2-cycles. Keeping these “global” deformations fixed,
the order 1/r4 deformation only sees the total number of D3 branes. We can instead expect
that corrections coming from how we distribute the branes on the blown up 4-cycle play an
important role at higher orders, starting at 1/r6. This should be analogous to the Coulomb
branch solutions for N = 4 SYM [11].
3.5 Toric description of the blow up
Let us describe the process of the blowing-up from the point of view of toric geometry. The
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φ1 φ2 φ3 φ4
1 1 1 1
1 −1 0 0
0 0 1 −1
V1 1 1 −1 −1
=⇒
φ1 φ2 φ3 φ4 φB
1 1 1 1 1
1 −1 0 0 0
0 0 1 −1 0
V1 1 1 −1 −1 0
V2 1 1 1 1 −4
Table 1: The charge assignments
toric data before the blow up consist of four points on the outer square in figure 3. In
the language of two-dimensional gauged linear sigma model, we introduce chiral superfields
φ1,2,3,4 for each of the toric datum, and we introduce a vector multiplet V1 to kill extra
degrees of freedom. The toric data and the charge assignment is tabulated in the left hand
side of table 1.
Thus the toric manifold is described by the equations
|φ1|2 + |φ2|2 − |φ3|2 − |φ4|2 = 0 (3.29)
divided by the identification
(φ1, φ2, φ3, φ4) ∼ (eiθφ1, eiθφ2, e−iθφ3, e−iθφ4). (3.30)
This is precisely the cone over orbifolded T 1,1.
In order to blow up the four-cycle corresponding to the internal point in figure 3, we add
a corresponding chiral superfield φB and another vector superfield as in the right hand side
of the table 1. Now the equations describing the toric manifold are
|φ1|2 + |φ2|2 − |φ3|2 − |φ4|2 = 0 (3.31)
|φ1|2 + |φ2|2 + |φ3|2 + |φ4|2 − 4|φB|2 = t (3.32)
under the identification
(φ1, φ2, φ3, φ4, φB) ∼ (eiθφ1, eiθφ2, e−iθφ3, e−iθφ4, φB), (3.33)
(φ1, φ2, φ3, φ4, φB) ∼ (eiθφ1, eiθφ2, eiθφ3, eiθφ4, e−4iθφB). (3.34)
where t ≥ 0 is the Fayet-Iliopoulos term for the vector multiplet V2, which controls the size
of the blown-up four-cycle.
Let us explicitly see that we have P1 × P1 of non-zero size. Let us slice the manifold at
constant |φB|2 = c. If c > 0, we can fix the second identification (3.34) by setting φB at a
positive real number. The rest of the equation is
|φ1|2 + |φ2|2 = |φ3|2 + |φ4|2 = t/2 + 2c, (3.35)
which is a product of two S3 of the same size. We get T 1,1/Z2 after dividing by the identi-
fication (3.33). When c = 0, we can no longer fix (3.34) using φB. Thus, we need to divide
(3.35) by (3.33) and (3.34), which yields P1 × P1 of radius √t/2. This is precisely the local
deformation discussed in the previous subsections.
We can also introduce the Fayet-Iliopoulos term to (3.31). One can easily see that it
changes the relative size of two P1. It is the global deformation in our parlance.
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3.6 Comments on the 4-cycle deformation of the Klebanov-Strassler
solution
In this section we have seen that a Z2 orbifold of the conifold admits 3 deformations associated
to giving vev to fundamental fields (these are 3 non mesonic direction in the field theory
moduli space). One deformation corresponds to a blown up 2 cycle, one to a blown up 4
cycle, one to a B field. In the case of the conifold only one deformation is present, the
so called resolved conifold, corresponding to a blown up 2 cycle, which can be called the
“baryonic flat direction.”
We know that the resolution of the conifold plays an important role also after the addition
of fractional branes. The moduli space of vacua (for certain values of the number of fractional
branes) contains a baryonic branch, which comes from the “baryonic flat direction” discussed
above. For a thorough analysis see [26]. The Klebanov-Strassler [21] solution corresponds
to a field theory sitting on this baryonic branch at the special point a = 0 (in our notation).
Very interestingly, there is indeed a generalization of the Klebanov-Strassler background
corresponding to this “ Ka¨hler” modulus, this is the so called baryonic branch solution,
found for small deformation parameters in [27] and at all orders, using SU(3) structures, in
[29].
From our analysis it is natural to expect that also for the local P1 × P1 geometry, after
adding fractional branes, there is a non-mesonic branch. It is very simple to obtain the
baryonic branch solution with fractional branes for our case: we just have to take the solution
of [29] but declare the periodicity of the angle ψ to be 2π instead of 4π.
The point is that this Z2 orbifold of the baryonic branch also admits a deformation
corresponding to the b parameter. We think it would be very interesting to study this
problem. Notice that the full solution should be captured by functions of only one variables
(as in [29]), since the b deformation is not breaking any further continuous symmetry. As
a first step it would be interesting to identify the massless mode that should appear in the
twisted sector of the orbifold. It would also be important to improve the field theory analysis
along the lines of [26].
4 Blowing up 4-cycles: the general case
4.1 Deformations and Operators
Let us consider various aspects of the general case. Given a resolved local Calabi-Yau,
there a two types of Ka¨hler deformations. One corresponds to changing the size of a P1 as
described by the parameter a, the other to changing the size of a four cycle described by
the b-parameter. For toric CY there is a dual description in terms of a (p, q)-web. The a-
deformation changes the position of the branes at infinity, while the b-deformation is a “local”
deformation, it only change the sizes of the internal faces, without moving the external
branes. In this sense the a-deformation is heavy and requires a lot of energy, while the
local b-deformation does not require a lot of energy. For a complicated CY there are many
independent a- and b-deformations. The number of a-deformations is the number of external
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legs (denoted by d ) minus 3. The number of b-deformations is the number of internal points
in the toric diagram (denoted by I ), which will be discussed further in section 4.3. The
universal b-deformation we described in section 2 is a particular example of this class.
From the examples considered in this paper it is natural to conjecture that the change
of the metric at large radius is always of the type 1/r2 for a-deformations, while it is 1/r6
for b-deformations.
The a-deformation in the field theory has as order parameter the corresponding (scalar
superpartner of the) baryonic current, which has always dimension 2, matching with the 1/r2
correction to the metric. The number of global deformation is always given by the number
of external legs in the (p, q) diagram minus 3.
For the b-deformation we expect to find as many dimension six operators in the field
theory as four cycles in the geometry which coincide with the number of internal points in
the toric diagram. The total number of gauge groups is always given by twice the area of the
toric diagram. The area, by Pick’s theorem, is expressible in terms of the number of external
points d and the number of internal points I. Concluding, the number of gauge groups is
#gauge-groups = 1 + (d− 3) + 2I. (4.1)
Now, the number of formal FI parameters that can be turned on is the number of gauge
groups minus 1 (recall no field is charged under the diagonal U(1)). d−3 such FI parameters
are associated to the d− 3 baryonic symmetries. Among the other 2I FI parameters, I are
associated to the I 4-cycles that can be blown up. The remaining I FI parameters have thus
to be associated to B-fields that can be turned on in the supergravity solution.
We have thus matched the number of the three possible deformations (global, local and
B-fields) with the formal FI parameters in the field theory.
This matching strongly suggests that the operators of dimension six turned on by the
local deformation are associated with the gauge groups in the quiver. We thus propose that
these operators are roughly of the form:
Oi =
∑
g
ci,gWgW¯g (4.2)
where the sum is over the gauge groups in the quiver.
Notice that similar operators are present in the supergravity background of T 1,1 [30, 31],
and are also turned on in the baryonic branch of the Klebanov-Strassler solution [29].
4.2 More on a-deformation
Indeed, we can check that the dimension of operators corresponding to the a-deformations
are two, and there are d−3 of them for the compactification on the toric Sasaki-Einstein X .
The argument is a generalization of one given in [11]. The original metric on the cone is
ds2 = dr2 + r2ds2X . (4.3)
Let us blow up some two-cycles and four-cycles at the tip of the cone (see figure 4), and let
us denote the Ka¨hler form before and after the blowup by J and J + δJ , respectively. Note
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Figure 4: a-type deformation
that J behaves as
J ∼ r2 (4.4)
when r →∞.
Suppose that there is a supersymmetric two-cycle C0 at the tip which comes from a
two-cycle C in the Sasaki-Einstein X , and let us blow-up so that C0 has area t. Then,
t =
∫
C0
√
g =
∫
C0
J + δJ, (4.5)
because the supersymmetric cycle should be calibrated with respect to the Ka¨hler form.
Now, since C0 and C are in the same homology class, we have
t =
∫
C
J + δJ. (4.6)
Since we assumed that C is a nontrivial homology class inH2(X), we can take C at arbitrarily
large r. It means that δJ has the behavior ∼ r0 under r → ∞. Compared to (4.4), it is
a 1/r2 type deformation, which corresponds to a dimension two operator in the dual CFT.
Thus we see that there is an a-type deformation for each homology class in H2(X). From
Poincare´ duality in X , H2(X) has the same dimension d − 3 as H3(X), which corresponds
to the baryonic symmetries.
From the viewpoint of the SCFT, the superconformal algebra fixes the dimension of the
scalar operator in the superconformal multiplet of a conserved flavor current so that it has
dimension two. For the SCFT dual to the type IIB theory on AdS5×X , there is d−1 flavor
symmetry. d− 3 of them are the so-called baryonic symmetries, and the modes we found for
each of the homology class in H2(X) are the dual manifestation in the gravity side. It would
be interesting to find the remaining two modes. This description allows us to canonically
identify corresponding operator as the lowest component of the supercurrent that generates
the baryonic symmetry.
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4.3 Global issues
Next, let us discuss the issues concerning the global topology of the b-deformation. Recall
that in section 2 we obtained that near the point r ≈ b, the metric takes the form:
ds2 ≈ du2 + 9u2(dψ + σ)2 + b2ds24. (4.7)
In order to avoid conical singularities, we require the periodicity of 3ψ to be 2π. In the case
of the conifold, what we call 3ψ here, has period 4π. In order to avoid conical singularities we
must, therefore, introduce a Z2 orbifold
8 ending up with T 1,1/Z2. Similarly, for S
5 written as
a U(1) bundle over CP2, we have to impose a Z3 orbifold in order to avoid conical singularities
and we are left with S5/Z3. For the general Y
p,q and Lp,q,r, in the quasi-regular case a specific
quotient is required.
There is a beautiful picture of the above situation that arises from the toric diagram of
the original Calabi-Yau singularity. As can be seen from the metric in (4.7) at the origin of
space r = b, there is a 4-cycle with finite volume proportional to b. We can try to view this
4-cycle more algebraically. A particularly useful tool is the toric diagram. Let us consider
the example of the conifold. Recall that 4-cycles that can be blown up appear in the toric
diagram as internal points. Therefore, we expect to relate the quotient to the generation
of internal points in the toric diagram. Let us take the example of the conifold. The toric
diagram of the conifold is simply a square with no internal points. After the quotient by
Z2, we have precisely an internal point which we show in blue in figure 5. We think of the
Z2
Figure 5: A four cycle in the orbifolded conifold.
orbifold in the sense of
Z
2 ⊆ L ⊆
(
1
2
Z
)2
, (4.8)
where
L := {(n1, n2) :
∑
ni ∈ Z}. (4.9)
Clearly the point (1
2
, 1
2
) belongs to the lattice L and corresponds to the point in the middle
in figure 5. A concrete process of blowing up a four-cycle corresponding to an internal point
is already presented in section 3.5.
For C3, after a Z3 orbifold, we see that the toric diagram contains an internal point, also
shown in blue in figure 6.
The situation for the Z3 orbifold of C
3 is conceptually similar although technically slightly
more complicated. The off shot is that the quotient indeed generates an internal point.
8The need to perform this quotient was mentioned in [14], here we see that it is a particular case of a
more general situation.
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Z3
Figure 6: A four cycle in the orbifolded C3.
Basically, taking the quotient C3/Z3 adds a point with coordinates
1
3
(1, 1, 1) in a lattice where
the original triangle had coordinates (1, 0, 0), (0, 1, 0) and (0, 0, 1). This point corresponds
precisely to acting with a cube root of one contained in (C∗)3. The internal point algebraically
describes a blow up mode which is geometrically captured in equation 4.7.
The observation above can be extended to any of the internal points of the toric diagram.
We follow the notation and language of [35]. Let us choose the basis of the N lattice such
that the toric data can be given as kI = (1, ~kI). When the Sasaki-Einstein is regular, then the
Reeb vector R is the integral combination of the generator of T 3 defining the toric geometry.
It means R is on the N lattice. Furthermore, it is guaranteed to be on the same plane in N
as the other toric data. Thus R = (1, ~R) with integer entries.
Now add R to the toric data {k1, k2, . . .} and consider the toric manifold Z defined by
these points. Z is a blowup of the cone over X , and since all the toric data R and kI lie
on a plane, Z is at least topologically Calabi-Yau. Let us recall that, in the gauged linear
sigma model description, we introduce chiral superfields xv for each v in the toric data and
do the symplectic reduction. Thus for each vector v in the toric data, we have a divisor Dv
defined by xv = 0 where the vector v degenerates. We can now see that Z has precisely the
topology of the b-deformation of the cone over X .
4.4 Topological restriction of the b-deformation
Let us elaborate the discussion on the need for the orbifolding. First let us see, in order
for the b-deformation to make sense, the Sasaki-Einstein manifold needs to be regular or
quasi-regular. It can be argued in many ways. One way goes as follows: near r ∼ b, the
metric looks locally like (4.7). Fix u = u0 small and nonzero. Then the u = u0 surface is
topologically the same as the original Sasaki-Einstein X . Suppose the base Ka¨hler-Einstein
manifold Y exist globally. Forgetting the ψ coordinate determines the map p : X → Y . If
two points a and b on X are related by the action of ∂ψ then p(a) = p(b). In the regular
or quasi-regular case, a circle on X projects to a point on Y . However in the irregular case,
the action of the Reeb vector ∂ψ does not close and fills a T
2 or T 3. Thus Y cannot be a
four-dimensional manifold. For example, Y p,q is quasi-regular only when there is an integer
n such that 4p2 − 3q2 = n2. In these cases, the ψ direction closes with some periodicity
2πs/3. Then we obtain a good b-deformation by orbifolding along the ψ direction by Zs,
although a small technical issue still remains, which is discussed further in appendix D.
The main point we would like to raise is the fact that although locally the b-deformation
is allowed the mere presentation of a Sasaki-Einstein manifold in the form of (4.7) does
not guarantee that the manifold exists globally. In fact, in several cases one needs to find
appropriate alternative coordinate in which to demonstrate the existence of the SE manifold.
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However, it is clear that if the base manifold exist for b = 0 it also exists for b 6= 0.
The result can also be expressed in the following way.
As we saw, the blow-up four-cycles are governed by the internal points on the diagram,
where the point specifies which direction of T 3 is degenerating along the four-cycle. The
Reeb vector R also defines a point on the toric diagram, and when the universal deformation
is possible, R degenerates along the four-cycle. Thus, R must be on the internal integral
points in order to do the universal b-deformation. The orbit of the Reeb vector closes or not
according to whether R lies on a rational point or an irrational point. In the former case,
we can take a suitable orbifold to make the vector to sit on an internal integral point, while
in the latter there is no way to make it integral.
5 Fractional branes and b-deformation
Given a quiver diagram describing a conformal field theory, a simple way to upset the van-
ishing of the beta functions is by changing the rank of some of the gauge groups. In the
supergravity side this operation corresponds to the introduction of fractional branes. This is
a universal mechanism discussed in [20, 21, 25]. The addition of fractional branes generalizes
to many of the six-dimensional metrics discussed here. That is, the ten-dimensional super-
gravity solution based on them accommodates fractional D3 branes. In this section we show
that if a Calabi-Yau cone admits fractional D3 branes then its deformation by a parameter b
also admits fractional branes, where the fractional brane corresponds to D5 branes wrapping
a two-cycle in the blown-up four-cycle.
The presence of fractional branes manifest itself in the gravity theory by the appearance
of an imaginary self-dual 3-form flux G3. For the cone over Sasaki-Einstein metrics we have
that M fractional branes are described by
G3 =M
(
dr
r
+ ieψ
)
∧ ω, (5.1)
where ω is an appropriately chosen 2-form on the four dimensional base. Suppose such a
construction of G3 is allowed for a metric of the form
ds2 = dr2 + r2(eψ)2 + r2ds24, (5.2)
with ds24 a Ka¨hler-Einstein metric. Then, the b-deformed metric
ds2 = κ(r)−1dr2 + κr2(eψ)2 + r2ds24, (5.3)
where κ = 1 − b6/r6, also admits an imaginary self-dual 3-form flux. In other words, the
b-deformation does not interfere with the property of the cone metric to admit both regular
and fractional branes.
One can write an imaginary self-dual 3-form for the cone metric (5.2), if there exists an
anti self dual (1, 1)-form on the four dimensional base satisfying
dω = 0,
J ∧ ω = 0,
∗4ω = −ω, (5.4)
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where J is the Ka¨hler form and ∗4 is the Hodge dual taken with respect to the four dimen-
sional metric. Then the relevant 3-form for M fractional D3 branes is given precisely by
(5.1). The relevant properties of (5.1) are:
dG3 = 0,
∗6G3 = iG3. (5.5)
They can be verified using (5.4) as:
dG3 = M [−r−1dr ∧ dω + ideψ ∧ ω − ieψ ∧ dω] = 0,
∗6G3 = M [eψ ∧ ∗4ω − ir−1dr ∧ ∗4ω]
= iM [r−1dr ∧ ω + ieψ ∧ ω]
= iG3,
(5.6)
where in the first line we used that deψ = 2J . For the b-deformed metric (5.3), we simply
take
G3 = M
(
dr
κr
+ ieψ
)
∧ ω. (5.7)
Then proceeding along exactly similar lines, one finds that this 3-form satisfies the properties
(5.5) for the metric (5.3). This construction has been used to obtain imaginary self-dual 3-
form for certain cases, see for example [14, 15, 16, 21, 22, 23, 7, 32].
In a neighborhood of r ∼ b, (5.7) can be rewritten as
G3 = M(
du
u
+ ieψ) ∧ ω, (5.8)
where u is a variable introduced in (2.4). Take a two-cycle C dual to ω on the blown-up
four-cycle so that
∫
C
ω = 0. Let us take a small circle c around the origin u = 0 which winds
around ψ direction once. Then ∫
c×C
G3 = 2π, (5.9)
which means that the self-dual three-form field strength is sourced by the D5 brane wrapped
on the two-cycle dual to C and representing ω. Thus, the fractional D3 brane is now realized
as a D5 brane wrapping around the two-cycle.
6 Conclusion
In this paper we have studied a Ka¨hler deformation of Calabi-Yau spaces that can be ob-
tained as cones over Sasaki-Einstein spaces. This is a very large class of spaces that have been
playing an important role in the AdS/CFT. We have described this deformation explicitly in
terms of toric geometry and studied its field theory dual. We showed that this deformation
corresponds to giving a vacuum expectation value to a scalar dimension six operator with
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vanishing R-charge and gave a suggestion for the the precise form of this operator. Inter-
estingly, a probe string in these backgrounds signals area-law confinement (see appendix E
for details). Thus, we provide a universal Ka¨hler deformation that induces confinement in a
large class of quiver gauge theories. We have also discussed some interesting relations with
a better-studied Ka¨hler deformation called the small resolution in the case of a Z2 orbifold
of the conifold, the so-called local P1 × P1.
Some open questions remain. For example, we would like to improve our understanding of
the Ka¨hler deformation from the algebraic point of view. We did not find a fully satisfactory
connection between the gauged linear sigma model analysis and the supergravity prediction.
Analogously, we would like to understand better the role of the dimension six operators at
the level of field theory, possibly directly in the quiver diagram. We hope to return to some
of these questions in future work.
We argued that there are as many Ka¨hler deformations corresponding to blowing up
4-cycles as internal points in the toric diagram. In this paper we have considered turning
on only one of them. It would be interesting to understand the general case. Presumably,
the general case corresponds to generalizations of the metric of equation (3.1) in the same
way as the Gibbons-Hawking metric generalizes the Eguchi-Hanson metric. What is needed
would be the Gibbons-Hawking metric with U(1)×U(1) isometries, i.e. when all the point-
charges lie in a line. Similarly, it would be interested to consider the general case of Ka¨hler
deformations corresponding to blowing up 2-cycles.
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A Ricci flatness
In this appendix, we explicitly show that the metric is Ricci flat. This fact was established
very generally in [13], but we will use some of the intermediate results in the main text. In
particular, arguments about supersymmetry rely on the explicit form of the spin connection.
ds2 = A2(r)dr2 +B2(r)(dψ + σ)2 + C2(r)ds24 (A.1)
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The one forms are
er = A(r)dr
eψ = B(r)(dψ + σ)
ei = C(r)eˆi (i = 1..4) (A.2)
They are chosen such that the metric is orthonormal. dσ = 2J and J = 1
2
Jij eˆ
i ∧ eˆj .
Superscript hat denotes the quantities with respect to four-dimensional base. The one forms
are
der = 0
deψ =
B′
AB
er ∧ eψ + B
C2
Jije
i ∧ ej
dei =
C ′
AC
er ∧ ei − C−1ωˆijkek ∧ ej (A.3)
Prime means derivative with respect to r. ωˆij = ωˆ
i
jkeˆ
k. For dea = −1
2
Cbc
aeb ∧ ec, we get
Cab
r = 0
Crψ
ψ = − B
′
AB
C ij
ψ = −2B
C2
Jij
Cri
i = − C
′
AC
Cjk
i = − 1
C
ωˆijk (A.4)
Then the spin-coefficients are
ωrψ = − B
′
AB
eψ
ωri = − C
′
AC
ei
ωψi =
B
C2
Jije
j
ωij = ωˆij − B
C2
Jije
ψ (A.5)
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This leads to Ricci two form components using θij = dwij +wik ∧wkj The indices are raised
and lowered in this case by δij .
θrψ = − 1
AB
(
B′
A
)′
er ∧ eψ − 1
AC3
(B′C −BC ′)Jijei ∧ ej
θri = − 1
AC
(
C ′
A
)′
er ∧ ei + 1
AC3
(B′C − BC ′)Jijej ∧ eψ
θψi =
1
AC3
(B′C − BC ′)Jijer ∧ ej +
[(
B
C2
)2
− B
′C ′
A2BC
]
eψ ∧ ei
+
B
C2
(DJij) ∧ ej
θij = θˆij − 2
AC3
(B′C −BC ′)Jijer ∧ eψ
−
(
B
C2
)2
(JijJkl + JikJjl)e
k ∧ el −
(
C ′
AC
)2
ei ∧ ej
− B
C2
(DJij) ∧ eψ
where DJij = dJij − Jikωˆkj + ωˆikJkj (A.6)
Let us invoke here DJij = 0. Since θ
a
b =
1
2
Rabcde
c ∧ ed, one can get
Rrψrψ = − 1
AB
(
B′
A
)′
Rrψij = − 2
AC3
(B′C −BC ′)Jij
Rriri = − 1
AC
(
C ′
A
)′
Rrijψ =
1
AC3
(B′C − BC ′)Jij
Rψirj =
1
AC3
(B′C − BC ′)Jij Rψiiψ = B
′C ′
A2BC
−
(
B
C2
)2
Rijkl = C
−2Rˆijkl −
(
B
C2
)2
(2JijJkl + JikJjl − JilJjk) −
(
C ′
AC
)2
(δikδjl − δilδjk)
Rijrψ = − 2
AC3
(B′C − BC ′)Jij (A.7)
This gives
Rrr = − 1
AB
(
B′
A
)′
− 4
AC
(
C ′
A
)′
Rψψ = − 1
AB
(
B′
A
)′
− 4B
′C ′
A2BC
+ 4
(
B
C2
)2
Rii( no sum ) = − 1
AC
(
C ′
A
)′
− B
′C ′
A2BC
+
(
B
C2
)2
+ C−2Rˆii + 2
(
B
C2
)2
δii − 3
(
C ′
AC
)2
δii
Rij (i 6= j) = C−2Rˆij (A.8)
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For Einstein base, Rˆij is proportional to metric. Since we are doing calculations in orthonor-
mal frame, it vanishes for i 6= j. The Ricci flatness conditions are
− 1
4AB
(
B′
A
)′
− 1
AC
(
C ′
A
)′
= 0
− 1
4AB
(
B′
A
)′
− B
′C ′
A2BC
+
(
B
C2
)2
= 0
C−2λ+
1
2AB
(
B′
A
)′
+ 2
(
B
C2
)2
− 3
(
C ′
AC
)2
= 0 (A.9)
where Rˆij = λgˆij for the Einstein base. A general solution for these equations was obtained in
[13]. The equations are easier to handle if one chooses AB = c (a constant) in the beginning.
The solution is
dsˆ2 = (1− r2)2P (r)−1dr2 + c2(1− r2)−2P (r)(dψ + σ)2 + c(1− r2)ds24 (A.10)
where, P (r) is a polynomial in r. If one imposes the condition for the metric to be Ka¨hler,
then it takes the form
dsˆ2 = U−1dρ2 + Uρ2(dτ + σ)2 + ρ2ds24
U =
λ
6
+ c0ρ
−6 (A.11)
c0 is a constant. If now one sets λ = 2(n+ 1), then
dsˆ2 =
[
1−
(
b
ρ
)6]−1
dρ2 +
[
1−
(
b
ρ
)6]
ρ2(dψ + σ)2 + ρ2ds24 (A.12)
So the b-deformed metric is the most general Calabi-Yau metric of type A.1.
B Supersymmetry
We will write down the integrability conditions for these metrics to be supersymmetric. We
check here that deformation by b-parameter do not spoil supersymmetry. The integrability
conditions RabcdΓ
cdε = 0 written explicitly are
− 1
AB
(
B′
A
)′
Γrψε− 2
AC3
(B′C − BC ′)JijΓijε = 0
− 1
AC
(
C ′
A
)′
Γriε+
1
AC3
(B′C − BC ′)J ijΓjψε = 0
1
AC3
(B′C −BC ′)JijΓrjε+
(
B′C ′
A2BC
− B
2
C4
)
Γiψε = 0
C−2RˆijklΓ
klε− 2B
2
C4
(JijJkl + JikJjl)Γ
klε− 2
(
C ′
AC
)2
Γijε− 2
AC3
(B′C − BC ′)JijΓrψε = 0
(B.1)
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For the case of A = 1, B = C = r, the only nontrivial equation is
RˆijklΓ
klε− 2(JijJkl + JikJjl)Γklε− 2Γijε = 0 (B.2)
For A = κ−1/2, B = κ1/2r, C = r with κ = 1− b6/r6, they are
[4Γrψ − JijΓij]ε = 0 (B.3)
Γriε− J ijΓjψε = 0 (B.4)
Γiψε+ JijΓ
rjε = 0 (B.5)
RˆijklΓ
klε− 2κ(JijJkl + JikJjl)Γklε− 2κΓijε− 2rκ′JijΓrψε = 0 (B.6)
The last equation can be simplified further if we assume equation B.2,
(JijJkl + JikJjl)Γ
klε+ Γijε− 6JijΓrψε = 0 (B.7)
The equation (B.4) gives us the projections. Using it, equations B.3, B.5 and B.7 can then
be satisfied. So, we conclude that the b-deformation do not spoil the supersymmetry.
C Compactification
In this section, we look at the metric perturbations same as in [25]. We will try to find their
masses for the general case of b-deformed metrics.
ds210 = L
2[M2ds5
2 + ds25′] (C.1)
ds25 = du
2 + e2Adxµdx
µ
ds25′ = e
2B(dψ + σ)2 + e2C(e2a)
where M = −1
3
(B+4C) and A,B and C are arbitrary functions of u = ln r. L is a constant.
a runs from 1 to 4 and ea together form a 4 dimensional Ka¨hler-Einstein metric with Ka¨hler-
form J . σ is such that dσ = 2J . Latin indices a, b, c, .. runs over this 4 dimensional base,
while Greek indices µ, ν, ... denote indices over the Poincare metric dxµdx
µ. The type IIB
solution is accompanied with a five form self dual flux.
F5 = F + ∗F F = Q(dψ + σ) ∧ e1 ∧ e2 ∧ e3 ∧ e4 (C.2)
Q is a constant. The Riemann components are
Rµνµν = − 1
L2M4
(MA′ +M ′)2
Rµuµu = − 1
L2M4
(−M ′2 +MM ′A′ +M2A′′ +MM ′′ +M2A′2)
Rµψµψ = − B
′
L2M3
(MA′ +M ′)
Rµaµa = − C
′
L2M3
(MA′ +M ′)
(C.3)
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Rest of the Riemann tensor components are similar to the corresponding ones in appendix
A. Superscript prime here means derivative with respect to u. Then the Ricci scalar for the
metric C.1 is
R =
1
L2e2C
Rˆ− 1
L2M4
(4M2{2A′′ + 5A′2}+M ′2 + 2M ′A′ + 2MM ′′ +B′2 + 4C ′2)
− 4
L2
e2B−4C (C.4)
The determinant of the metric in terms of one forms used in C.1 is
g10 = L
20M4g5 g5 = e
8A (C.5)
g5 is the determinant of ds
2
5. Using variables q and f defined as B +4C =
15
2
q and B−C =
−5f , the action
S = − 1
2κ2
∫ [
d10x
√
g10R− 1
2
F ∧ ∗F
]
(C.6)
can be written as
S = − 1
2k25
∫
d5x
√
g5
[
R5 +M
2e−2CRˆ− (30q′2 + 20f ′2)− 4M2e2B−4C
]
−L
8
κ2
∫
d5x
(
M ′
M
e4A
)′
+
1
4κ2
∫
F ∧ ∗F (C.7)
The penultimate term being a total derivative can be removed from consideration. The
action becomes
S = − 2
κ25
∫
d5x
√
g5
[
1
4
Rˆ − 1
2
(15q′
2
+ 10f ′
2
)− e−8q(e−12f − λe−2f )− 1
8
Q2e−20q
]
(C.8)
where λ is defined for the 4-dimensional base as Rˆab = λgab. For Sasaki-Einstein metrics, λ
is 6. Q can be fixed to be 4 so that AdS space has unit radius (For L=1). Then for small
enough q and f , the lowest order terms in the potential are
V = e−8q(e−12f − λe−2f) + 1
8
Q2e−20q
= (3− λ) + (λ− 6)[−16qf + 2f + 8q − 32q2 − 2f 2] + 60f 2 + 240q2 + ...
The action for the case λ = 6 becomes
S = − 2
κ25
∫
d5x
√
g5
[
1
4
Rˆ − 1
2
{15(q′2 + 32q2) + 10(f ′2 + 12f 2)}
]
+constant+ higher order terms
(C.9)
So the perturbations q and f have masses given by m2q = 32 and m
2
f = 12 respectively, when
λ = 6. For λ 6= 6, these are not the correct perturbations to be considered.
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D Orbifold singularities on b-deformation
In this appendix we carry out a preliminary study of the orbifold singularities on the blown-
up four-cycle in the b-deformation in the quasi-regular case.
Let X be a quasi-regular Sasaki-Einstein space and let U(1) to act on X by the shift
along the Reeb vector. The metric on X can locally be canonically written in the form
ds2X = (dψ + σ)
2 + ds2B (D.1)
where ∂ψ is the Reeb vector. Suppose ψ has periodicity 2πk/3 on the generic points. As
discussed in section 4, to have a good b-deformation we need to have the periodicity ψ ∼
ψ+2π/3. Thus, we need to orbifold by Zk. For a regular Sasaki-Einstein this is all we need,
but for a quasi-regular Sasaki-Einstein, we need to worry whether or not this orbifolding
preserves the covariantly constant spinor.
Consider a point p on X where the Reeb vector closes with period 2πk/(3n). Since X
is smooth, we can take, near p, a coordinate patch parametrized by ψ and two complex
variables ~z = (z1, z2) with almost flat metric so that p is at z1 = z2 = ψ = 0. The 2πk/(3n)
periodicity at p means that there is an element g ∈ U(2) with gn = 1 such that X near p is
given by the identification
(~z, ψ) ∼ (g~z, ψ + 2πk
3n
). (D.2)
Orbifolding by Zk changes this to
(~z, ψ) ∼ (g1/k~z, ψ + 2π
3n
). (D.3)
Adding the u direction combines with the direction ψ to make another complex coordinate
z3 = ue
i3ψ so that now the metric is |dz1|2 + |dz2|2 + |dz3|2. Then the identification (D.3) is
given by
(~z, z3) ∼ (g1/k~z, ei2π/nz3). (D.4)
Thus we need to have e2πi/ndet g1/k = 1 to preserve the Calabi-Yau condition.
Let us check in the case of the first quasi-regular Y p,q, which is p = 7, q = 3. We use the
notation of [4]. Then ℓ = 3/20, the Reeb vector is
∂ψ′,theirs = ∂ψ,theirs − 10
9
∂α/ℓ, (D.5)
and ψ, α/ℓ both have periodicity 2π. Beware that ψ′theirs = 3ψours.
For the orbifold point at y = y1 and θ = 0, the variables zi above are given in the variables
in [4] by
z1 = θe
iφ, z2 = Re
i(ψ−φ), z3 = ue
i 9
35
(α
ℓ
+5(ψ−φ)) (D.6)
Thus n = 35, k = 9 and g = diag(1, e2πi9/35). so that the orbifolding acts by
(z1, z2, z3) ∼ (z1, e2πi/35z2, e2πi/35z3). (D.7)
Thus we have an ALE singularity in the blownup geometry. The same analysis can be
carried out on the other three vertices and for other quasi-regular Y p,qs.
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E Confinement
In this section, we will go through the steps which shows confinement behavior for strings
in b-deformed background. The calculations were done in [14] and repeated here for sake of
completeness. The Nambu-Goto string action for the Wilson loop is
S =
∫
dτdσ
√
−detgab (E.1)
where gab is the embedded metric on the string worldsheet, and a, b = 1, 2. We denote the
background metric by GMN ,M,N = 1 . . . 10. We assume that string extends only in radial
direction. In static gauge, i.e. τ = x0 and x1 = σ, the worldsheet metric becomes
gab =
[
G00 0
0 G11 + Grr(dxr)
2
]
(E.2)
This leads to the action
S =
∫
dτ
∫
dx
√
h−1 + κ−1(dxr)2 = T
∫
dr
√
(drx)2h−1 + κ−1 (E.3)
Since the Lagrangian is independent of variable x, one has a constant of motion
φL
φ(drx)
=
h−1√
h−1 + κ−1(dxr)2
= c0 (say) (E.4)
Rearranging, one gets
dx =
c0hdr√
κ(1− c20h)
(E.5)
and can calculate the length of Wilson loop to be
l
2
=
∫
dx =
L2√
2b
∫ ∞
y∗
dy
y√
y3 − 1
f(y)√
f(y∗)− f(y)
(E.6)
Here, the action is re-expressed in terms of variable y = r2/b2. The constant factor in front
of warp factor 2.9 as h = 2L
4
b4
f(y). y∗ is the point where c
2
0h = 1 or, hκ
−1(φxr)
2 vanishes.
This is the turning point of the string. The string does not explore regions lying further
interior in the bulk. At this point, f(y∗) =
b4
2L4c2
0
. The energy of the string is
E =
S
T
=
b3
23/2L2c0
∫ ∞
y∗
ydy√
y3 − 1
1√
f(y∗)− f(y)
(E.7)
One evaluates these integrals under the assumption that large contributions come from region
close to y = y∗. In such a case, f(y) is approximated as f(y) = f(y∗) + f
′(y∗)(y − y∗). This
leads to
l
2
=
L2√
2b
f(y∗)√
f ′(y∗)
∫
ydy√
(y3 − 1)(y − y∗)
E =
b3
23/2L2c0
1
f ′(y∗)
∫
ydy√
(y3 − 1)(y − y∗)
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So, one finds the relation between energy and length of the Wilson loop to be
2E
l
=
b4
2L4c0f(y∗)
⇒ E ∼ c0
2
l (E.8)
This shows the confining area law behavior for the spatial Wilson loop.
F Probe D7 branes: Polarization and resolution of sin-
gularities
The solution has a singularity in the infrared region. In the context of the AdS/CFT,
there are many cases where singularities in the infrared turn out to be resolved or at least
understood in terms of brane sources. We give evidence supporting the claim that the
singularity does not affect the studies of various properties of the gauge theories. A similar
behavior has been amply shown in the case of the Constable-Myers background [36]. In
particular, [37] show that various probes never reach the singularity and more interestingly,
various properties of the IR regime are well defined including the pattern of chiral symmetry
breaking, quark condensate and others. These properties turned out to be independent of
the existence of a singularity in the infrared. We leave a detailed analysis of the properties
of this class of solution to the future but the solution is confining according to the arguments
in previous section.
The background presented in section 2 has a singularity in the region r → b where
h(r → b) = −2L
4
3b4
ln
(r
b
− 1
)
+ . . . , (F.1)
It was noted in the case of the conifold [14] that this singularity is a curvature singularity.
The logarithmic behavior suggests the presence of a 7-brane. Note also that the logarithmic
behavior suggest a space of codimension two. With this intuition, we turn to the question of
the behavior of probe D7 branes in this background. The general calculation in an arbitrary
Sasaki-Einstein space could be performed under some mild assumptions. We will explicitly
consider the case of the local P1 × P1 discussed in section 3, but we expect the results
to be general. The basic setup is as follows: we consider a supersymmetric D7 brane in
the background with b = 0 and concentrate on the effects caused by introducing a small
b-deformation. The supergravity background is approximately of the form:
ds2 = h−1/2ηµνdx
µdxν + h1/2(dr2 + r2(eψ)2 + r2ds24),
ds24 = (dθ
2
1 + sin
2 θ1dφ
2
1) + (dθ
2
2 + sin
2 θ2dφ
2
2),
h =
L4
r4
(1 + f(r)) f(r) =
2b6
5r6
+
b12
4r12
+ ...
F5 = dC4 = dχ4 + ∗dχ4, χ4 = 1
h
dx0 ∧ dx1 ∧ dx2 ∧ dx3
(F.2)
30
and a constant complex scalar τ = θ
2π
+ i
g
. We assume other fields to be zero. The D7 probe
brane in this background extends parallel to the D3 brane and wraps ds24. The general action
is
S =
∫
d8ξe−Φ[−det(eΦ/2Gij + Fij)]1/2 +
∫
C8 +
1
2
∫
F ∧ F ∧ C4, (F.3)
where Ci fields are R-R forms. Gij is the pull-back of the ten-dimensional metric to the D7
brane worldvolume and Fij is the field strength of a U(1) gauge field on the worldvolume of
the brane. A particular supersymmetric probe in this background is given by the embedding
[34]:
r−3 = r−30 sin θ1 sin θ2, ψ = 0. (F.4)
We assume static gauge for rest of the coordinates. Then the pull back metric is
gabdξ
adξb = h−1/2dxµdx
µ + h1/2r2ds′
2
4, (F.5)
ds′
2
4 =
(
1
9
cot2 θ1 +
1
6
)
dθ21 +
(
1
9
cos2 θ1 +
1
6
sin2 θ1
)
dφ21
+
(
1
9
cot2 θ2 +
1
6
)
dθ22 +
(
1
9
cos2 θ2 +
1
6
sin2 θ2
)
dφ22
+
2
9
cot θ1 cot θ2dθ1dθ2 +
2
9
cos θ1 cos θ2dφ1dφ2, (F.6)
along with a non-trivial world volume gauge field F2
F2 = 2a sin θ1dθ1 ∧ dφ1 + 2c sin θ2dθ2 ∧ dφ2 (F.7)
where a and c are arbitrary constants and C8 = 0. After some algebra, the action can be
written as
S =
∫
d8ξ
r4
L4(1 + f(r))
[
√
g4 + 4ac sin θ1 sin θ2], (F.8)
where g4 = L
8e2Φ(1 + f(r))2g1 + L
4eΦ(1 + f(r))g2 + a
2c2 sin2 θ1 sin
2 θ2. Here, g1 and g2 are
g1 =
1
2916 sin2 θ1 sin
2 θ2
[cos4 θ1 sin
4 θ2 + 2 cos
2 θ1 sin
2 θ1 cos
2 θ2 sin
2 θ2 + 3 cos
2 θ1 sin
2 θ1 sin
4 θ2
+ sin4 θ1 cos
4 θ2 + 3 sin
4 θ1 cos
2 θ2 sin
2 θ2 +
9
4
sin4 θ1 sin
4 θ2]
g2 = − 1
81 sin2 θ1 sin
2 θ2
[c2 cos4 θ1 sin
4 θ2 + a
2 sin4 θ1 cos
4 θ2 + 2ac sin
2 θ1 cos
2 θ1 sin
2 θ2 cos
2 θ2
+3(c2 cos2 θ1 sin
2 θ1 sin
4 θ2 + a
2 sin4 θ1 cos
2 θ2 sin
2 θ2) +
9
4
(c2 + a2) sin4 θ1 sin
4 θ2] (F.9)
Recall that in the supersymmetric radial embedding (F.4) the minimal radial distance of
the D7 from the origin is given by r0. This action, as a function of r0, has minima at a
non-trivial value of r0 given by solution of
4
r
= f ′
[
1
1 + f(r)
− 2L
8e2Φ(1 + f(r))g1 + L
4eΦg2
2{g4 + 4ac√g4 sin θ1 sin θ2}
]
(F.10)
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If b << r, then f(r) ≈ 2b6
5r6
and we can neglect f(r) with respect to one. The equation has a
solution for r0 at
b6/r60 =
10
3
1
sin2 θ1 sin
2 θ2
[
g4 + 4ac
√
g4 sin θ1 sin θ2
L4eΦ(−g2)− 2a2c2 sin2 θ1 sin2 θ2 − 8ac√g4 sin θ1 sin θ2
]
(F.11)
To arrive at a simple expression, we further evaluate it for the case when θ1 = θ2 = π/2,
then g1 = 1/1296, g2 = − 136(a2 + c2), g4 =
(
L4eΦ
36
− a2
)(
L4eΦ
36
− c2
)
. The above expression
becomes
b6/r60 =
10
3
[
g4 + 4ac
√
g4
L4eΦ
36
(a2 + c2)− 2a2c2 − 8ac√g4
]
(F.12)
The above expression is independent of L4eΦ, which can be seen by a rescaling of a and
c. If a2 ≈ L4eΦ
36
and c ≈ 0 or vice-versa, then b6/r60 < 1. If a, c both are chosen such that
a2 ≈ c2 ≈ 0, then b6/r60 > 1. So the ratio b6/r60 depends on the values a and c. The quantity
r60/b
6 is plotted for various values of a and c in the plot 7.
0
0.2
c0.4
0.6
0.8
0
0.2
0.4
a0.6
0.8
Figure 7: r60/b
6 is plotted along height of above cube against a and c. The flat surface is
where r0 = b. Here , we take
L4eΦ
36
= 1.
The case b6/r60 < 1 seems to be interesting. It hints that D7 probe brane can rest at
a non-trivial value of r0 > b, ahead of the problematic point of r0 = b. Since the probe
brane do not venture through the strongly coupled region, predictions based on supergravity
calculations should be reliable. For the configurations with these particular flux values, the
open strings emanating from N D3 branes do have a place to end in the bulk.
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